We determine the value of the ω − ρ − π mesons coupling (g ωρπ ), in the context of the vector meson dominance model, from radiative decays, the ω → 3π decay width and the e + e − → 3π cross section. For the last two observables we consider the effect of either a heavier resonance (ρ ′ (1450)) or a contact term. A weighted average of the results from the set of observables yields g ωρπ = 14.7 ± 0.1 GeV −1 in absence of those contributions, and g ωρπ = 11.9 ± 0.2 GeV −1 or g ωρπ = 11.7 ± 0.1 GeV −1 when including the ρ ′ or contact term respectively. The inclusion of these additional terms makes the estimates from the different observables to lay in a more reduced range.
I. INTRODUCTION
The strong interaction between the ω, ρ and π mesons can be encoded in a single parameter, denoted by g ωρπ . These mesons are produced in experiments devoted to the hadronic production from electron-positron annihilation and tau decays [1] [2] [3] [4] [5] [6] [7] [8] . The increasing experimental accuracy allows to compare the determined strong coupling from different processes to verify their process independent value. Such coupling may have implications in other observables like the muon magnetic moment [9, 10] . The direct determination of the magnitude of g ωρπ would require the observation of the ω decaying into the others, which is not allowed, since there is not enough phase space for the three particles to be on the mass shell.
Therefore, it must be extracted by indirect means, for example, from the above mentioned annihilation process and tau decays. A theoretical framework is required to describe such processes and link the parameters to the physical states, a Chiral approach based on the low energy symmetries of Quantum Chromodynamics (QCD) and the so called vector meson dominance model (VMD) are able to describe them. Although they have different spirit, they both manage to resume the low energy manifestation of the strong interaction.
In this work we determine the value of g ωρπ , in the context of VMD, from several processes: i) radiative decays of the form V → πγ (V : vector meson), ii) the ω → 3π decay and iii) the e + e − → 3π cross section. In the last two cases we explore the possible corrections due the presence of the heavier resonance ρ ′ (1450) and a ω → 3π contact term. At the end we discuss and compare our results with other estimates.
The VMD Lagrangian including the ρ, π and ω mesons can be set as:
This Lagrangian exhibits only the relevant pieces for this work and should be part of any effective Lagrangian describing these mesons. Terms with higher derivatives and additional terms which allow to preserve gauge invariance are not shown [11] . We have made explicit the notation regarding the couplings and the corresponding fields and, in the last term, V refers in general to vector mesons and A µ refers to the photon field. Here
, although in general it corresponds to the inclusive lep- be determined from experiment. Relations between them and those coming from low energy theorems can be drawn by building models which incorporate vector mesons into the chiral symmetric lagrangians [12] [13] [14] [15] [16] [17] . In the following we will determine such couplings from the experimental data and draw some comparisons whenever possible.
II. RADIATIVE DECAYS
The g ωρπ coupling can be obtained from vector mesons radiative decays considering that the photon emission is mediated by a neutral vector meson [18] ( See Fig. 1 ). Let us consider the following three decays:
i) The ω → πγ decay. It is driven by the ω → πρ → πγ process. Thus, the couplings from both descriptions are related by:
ii) The ρ → πγ decay. It is driven by the ρ → πω(φ) → πγ processes. The presence of the φ meson channel can make a sizably contribution [19] , and the relation between the couplings from both descriptions takes the following form:
For the above cases, we can compute the g V πγ coupling using that the radiative decay width
) and the corresponding experimental value [8] . Here, as an approach, we use |g φρπ | = 0.86 ± 0.01 GeV −1 obtained by considering the decay width of the φ → 3π to be fully accounted by the ρπ channel (contributions from other channels are relatively smaller [4] ) [20] [21] [22] , with the φ described similarly to the ω meson.
iii) The π 0 → γγ decay. There are two ways the process can go through: π 0 → ρω(φ) → γγ. Taking a global decay constant, g πγγ , the width can be written as
Weighted Average 11.9 ± 0.2 On the other hand, the destructive interference between the ρ − ω and the ρ − φ channel [23] requires the couplings to be related by :
In Table I we show the numerical values for |g ωρπ | obtained from the above processes.
The two most precise determinations are not in agreement with each other, at this stage we can not point out to the source of such deviation. Neglecting the small correlations induced by g V , we can compute a weighted average, which yields 11.9 ± 0.2 with the error dominated
by the most precise ω → π 0 γ channel. A standard average gives g ωρπ = 12.2 ± 1.3 GeV −1 , with errors added in quadratures and is dominated by the uncertainty in the ρ 0 → π 0 γ decay width. In the following we will refer to the weighted average from radiative decays as VMDr.
As a way of comparison, let us get the expected value from the agreement between VMD and low energy theorems [14, 24-26, 29, 30] for the π → γγ decay. Considering only the ρ − ω channel (the ρ − φ channel makes a small effect), the couplings from both descriptions are related by |g ωρπ | = |g ρ g ω /8π 2 f π | = 11.5 GeV −1 , which is in agreement with the value from radiative decays. If, in addition, we impose the universality condition
From this result and using the KSFR [27, 28] relation (g ρππ = m ρ /( √ 2f π )) it takes the form
, where f π = 0.093 GeV. In these cases there is a significant deviation from the radiative estimate.
The contribution from the ρ channel (a, b, c) and higher order contributions including the contact term (d).
III. THE ω → 3π DECAY
This decay was suggested to be dominated by the ω → ρπ → 3π process [31] , and the experimental evidence has provided support to it [1, 2, [4] [5] [6] [7] . Additional contributions like the ρ ′ and contact term are not excluded, which may impact on the determination of the g ωρπ . An analysis of the possible presence of a contact term in this decay was made in reference [12] , concluding, at that time, that the existence and magnitude of the contact term can be extracted neither from theory, nor experiment. The increasing experimental accuracy on the determination of the ω decay width [8] , will be used here to determine the g ωρπ coupling in the different scenarios and compare with the corresponding value from other observables.
Let us set our notation for the process ω(η, q) → π
, where the p i are the corresponding 4-momenta and η is the ω meson polarization.
The contributions to the amplitude from the ρ channel (Fig. 2a-c ) and the contact term ( Fig. 2d ) can be set as follow:
where A is given by:
where,
ρ + im ρ Γ ρ and the factors of 6 and 2 in A come from the cyclic permutations and momentum conservation used to bring the amplitude into the current form. The coupling g ρππ = 5.95 ± 0.02 is fixed by the decay width of ρ → ππ,
Using these values and g ωρπ from radiative decays we can check that the prediction for the width, without taking into account the contact term (g 3π = 0), is Γ ρ ω→3π = 4.4 ± 0.2 MeV, which is 58% of the experimental value (Γ exp ω→3π = 7.56 ± 0.13 MeV [8] ). The correction by using an energy dependent width of the ρ is negligible compared with the error bars and the radiative corrections have been also estimated to be negligible [1] .
In order to reach the 100% of the experimental width it may be necessary either to increase the coupling constant value from radiative decays up to 15.7 GeV −1 or to keep such value and include additional contributions as an effective contact term.
A blind inclusion of the contact term, to account for the observed decay width, would require : g 3π = −62 ± 7 or +409 ± 10 GeV −3 . However, the proper inclusion is not arbitrary.
It is strongly related to the Wess-Zumino-Witten anomaly (WZW) [29, 30] . In the following we illustrate this point:
The WZW anomaly fixes the amplitude for the γ * → 3π decay to be (following the same notation as in Eqn. (5)):
In the VMD approach, this decay can be produced through the ω into ρπ decay channel, followed by the break down of the ρ into another two pions. The decay amplitude is similar to Eqn. (6) via the ρ meson (with g 3π = 0), at Q 2 = 0 and Γ ρ = 0 in the propagators, times a global factor e/g ω accounting for the photon-ω coupling:
that is three halves of the total amplitude as obtained from the Chiral anomaly [29, 30] , while respecting the KSFR relation [32, 33] . Therefore, the equivalence between both descriptions requires all the remaining contributions to be collected in the g 3π coupling. Then,
where we have made use of the relationship among the couplings as discussed in the previous section. Considering this value in the ω → 3π decay, we get Γ ω→3π = 6.8 ± 0.2 MeV. Note that Eqn. (9) is close to g 3π = −62 ± 7, obtained blindly to account for the experimental decay width.
This procedure establishes the proper way to include additional contributions in the VMD framework, while keeping the agreement with the low energy theorems. Other approaches also find that there is a need of the contact term [34] for a better description of the experimental width.
A. The ρ ′ channel
So far, we have considered the ρ channel and a WZW fixed contact term as the only ways the decay can go through. However, decays via radial excitations may be also important, provided the mass suppression factor is not extremely large compared to the energies involved in the process. The ρ ′ (1450) meson (m ρ ′ = 1465 MeV and Γ ρ ′ = 400 ± 60 MeV), satisfies this condition for the ω decay regime. Let us explore the role of such contribution: The heavy mass of the ρ ′ allows to simplify its propagator leading to identify the global coupling as an effective contact term (Fig.3) , in full analogy to Eqn. (1):
The couplings involved in the right hand side are not settled, neither in the theoretical side nor experimentally [3, 35] . In order to make an estimate of their magnitudes, we assume that g ωρ ′ π /g ρ ′ ππ = g ωρπ /g ρππ = 2 GeV −1 . This relation is based on the expectation that the radial excitation information of the vector meson cancels out when computing the ratio between processes and considering the central value for g ωρπ from radiative decays. Studies on the value of |g ωρ ′ π | have found it to lay in the interval 10-18 GeV −1 [35] . Under these assumptions we get |g
We have evaluated the deviations from this value in Eqn. (10) due to momentum and width dependence of the propagators, which combined produce an increase of 6%. Thus, our estimate for the coupling is |g
Note that the ρ ′ contribution can not be taken simultaneously with the contact term, Eqn. In Table II , we have collected a set of values for the contact coupling computed in the literature from different approaches. [32] uses the VMD approach being consistent with lowenergy theorems. [36] Extended the previous idea by including an infinite number of radial excitations. [12, 15] works within a framework of a minimal embedding of vector mesons in a chiral effective langrangian. [13] uses an extension to the chiral lagrangian adding spin-1 fields, and our results obtained from different approaches. It can be argued that given the different nature of these approaches a direct comparison between them is meaningless.
However, we consider that it is interesting to quote their magnitudes as a way to exhibit that, besides the model dependence, there seems to be a tendency to favor values in the range 30-60 GeV −3 , the largest difference coming from the estimates at [12, 15] .
IV. THE e + e − → ω → 3π CROSS SECTION Now, we explore the implications of the contact term or the ρ ′ in the e + e − → 3π cross section. Following the same notation as in the previous section, we can write the amplitude for the ω channel as follows:
where e is the positron electric charge, m ω and Γ ω are the mass and total width of the ω meson. In Figure 4 we have plotted the cross section as function of the center of mass energy. We show the experimental data from CMD2 [2] (circle symbols) as a comparison for the VMD prediction when the ω decay proceeds via the ρ meson for three cases: i) Using the central value for g ωρπ coupling determined from the radiative decays (VMD r , solid line),
ii) Including the ρ ′ contribution (decreased by 1 standard deviation, dotted line) and iii)
Including the contact contribution (long dashed line). It is clear that the inclusion of either the ρ ′ or the contact term increases the central theoretical prediction based only on the ρ channel. The large uncertainties on the ρ ′ allows to bring it down to the experimental data within one standard deviation. For the fixed contact term, data can be only approached using the VMDr own error bars (not displayed).
We have performed a fit to the experimental data from CMD2 [2] and SND [7] . Considering only the ρ channel and leaving g ωρπ as a free parameter, we get |g ωρπ | CM D2 = 13.1 ± 0.3 GeV −1 (χ 2 /npoints ≈ 4) and |g ωρπ | SN D = 13.4±0.2 GeV −1 (χ 2 /npoints ≈ 1). The weighted average gives: |g ωρπ | = 13.3 ± 0.2 GeV −1 . In Figure 5 we show the experimental data and the corresponding fits. The larger number of data points from SND allows a better fit. The error bars take into account the different values for the mass and width of the ω meson, taken as the PDG averages or the own experiment determination.
The same fit procedure is done to determine the coupling upon the inclusion of the contact term, with a fit quality similar to the previous case. We get |g ωρπ | CM D2 = 10.3 ± 0.1 GeV
and |g ωρπ | SN D = 10.6 ± 0.1 GeV −1 .
If we include the ρ ′ instead of the contact term, we get |g ωρπ | CM D2 = 10.1 ± 1.5 GeV The weighted averages from both experiments for all the cases, along with the determinations from the other observables, are presented in Table III . symbols) and the corresponding fit by the ρ channel using g ωρπ as the only free parameter.
V. DISCUSSION
We have performed an analysis to obtain the g ωρπ coupling in the VMD approach, considering radiative decays, the ω → 3π decay width and the e + e − → ω → 3π cross section.
Our global result from all these observables are presented within two possible scenarios (See Table III ):
i) Considering that only the ρ meson channel is present: This corresponds to the value obtained from radiative decays, the value which reproduces the experimental decay width for ω → 3π and the value obtained from the fit to the experimental e + e − → ω → 3π cross section [2, 7] . The weighted average (Table III, column 2) is |g ωρπ | = 14.7 ± 0.1 GeV −1 .
ii) Considering either the ρ ′ or the contact term, in addition to the ρ: In this case we average the value obtained from radiative processes, the values from the decay width for ω → 3π and the fits to e + e − → ω → 3π cross section, obtained upon the inclusion of the contact term fixed by the equality condition between VMD and low energy theorems, or upon the inclusion of that produced by the ρ ′ meson. The weighted average (Table III, columns 3 and 4) are |g ωρπ | = 11.7 ± 0.1 GeV −1 and |g ωρπ | = 11.9 ± 0.2 GeV −1 , respectively.
The ρ ′ contribution has uncertainties associated to its corresponding mass, decay width and couplings. This last was based on an ansatz to relate the couplings of the ρ with its radial excitation. Further experimental information is required to determine the validity of such approach and thus the pertinence of including this contribution. The inclusion of the contact term in the ω → 3π decay is consistent with the low energy theorems while fulfilling the KSFR relation.
The results in the first scenario are spread out in the range 11. [36] by the inclusion of an infinite number of radial excitations, and in Refs. [45] and [46] under the SU(3) symmetry, the symmetry breaking effect have been also considered in Refs. [47] and [48] . Ref. [37] obtains 15.8 GeV −1 when only the ρ channel is considered in the e + e − → ω → 3π cross section. A quark level linear sigma model, Ref. [49] , gets 10.3 GeV −1 to 14.7 GeV −1 . In the Dyson-Schwinger framework, using the rainbow-lader approximation, Ref. [50] , it is found to be 10.3 GeV −1 .
These works favor two kind of values, one around 10 GeV −1 and another around 16 GeV −1 .
Given the different approaches followed in these works, we can not point out the origin of ρ channel ρ + contact ρ + ρ ′ VMD r 11.9 ± 0.2 11.9 ± 0.2 11.9 ± 0.2 Γ(ω → 3π) 15.7 ± 0.1 12.8 ± 0.1 12.6 ± 1.3
σ(e + e − → 3π) 13.3 ± 0.2 10.5 ± 0.1 10.3 ± 1.6 Average 14.7 ± 0.1 11.7 ± 0.1 11.9 ± 0. 2   TABLE III: The |g ωρπ | coupling (GeV −1 ) from different scenarios and observables.
the differences. As a comparison, in our calculation we have shown that the inclusion of the contact term or a heavier resonance, can bring the estimate of the coupling from a value as large as ≈16 GeV −1 to a lower value of ≈ 11 GeV −1 , signing the importance of these contributions.
The final results here presented come from weighted averages and therefore are dominated
by the more precise measurements. The discrepancy between the different results may be an indication of either data inconsistency and/or bad model behavior. Improved measurements of the observables under consideration and the ρ ′ (1450) meson parameters are needed to settle the issues above mentioned.
Our approach is based in a generic form of the VMD lagrangian which should be part of any effective lagrangian including the mesons involved. In our analysis we have considered several kinds of observables. Therefore, on those grounds, our results are solid and may be useful to compute other processes.
